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Abstract-I n this paper the three-dimensional (3D) weight functions are derived for external circular
cracks. The solution method used is similar to that developed by Bueckner (Int. J. Solids Structures
23, 57-93 (1987)) for internal circular cracks lying in infinite elastic solids. A Papkovitch-Neuber
potential is used to represent the tensile mode weight function field. This potential. derived from
some known solutions to a mixed boundary value potential problem by Galin (Contact Problems
in the TItL'Or.\' (If £ltlstidlY. School of Physical Sciences and Applied Mathematics. North Carolina
State College (1953)). also uniquely determines the shear mode weight function fields. The results
for internal circular cracks by Bueckner are presented for comparison and for completeness. For
external circular cracks. different forms of the weight functions exist corresponding to different
displacement boundary conditions at infinity. The Neuber fields. denoting the elastic fields of an
external circular crack due to remote forces and/or moments. are used to determine the weight
functions under various boundary conditions. The crack face weight functions, dellned as the
intensity factors induced by a pair ofequal. oppositely sensed unit point forces acting on the upper
and lower crack fac.'CS. are presentt;.'d in closed formulae. In the Appendices the present results are
checked against some existing solutions, e.g. intensity factor solutions due to the point forces acting
along the central .uis normal to the crack plane.

INTRODUCTION

The concepl of "weight functions" was first introduced by lJueckner (1970) for tW(}4
dimensional (2D) elastic crack analysis. (n Bueckner's work, the weight functions constilute
the displacement licld ofa special elastic field which he referred to as a "fundamental field",
A fundamental field s~ltislies the Navier displacement equations, equilibrates zero body
forces and surface tmctions. The displacements of that field arc of inverse square root
singularity in distance from a crack tip, in contrast to the normal square root dependence
of regular displacement fields. Applying Betti's theorem of reciprocity to the fundamental
Iicld and the regular clastic field of a crack, Bueckner showed that the weighted average of
applied forces with the weight functions gives the crack tip stress intensity factors. This
gives a primitive interpretation of the weight functions as the point force solutions for the
stress intensity factors. Shortly after Bueckner's work, Rice (1972) developed his weight
function concepts in a different way, showing that 20 weight functions could be determined
by dilferentiating the elastic displacement field with respect to crack length; hence the
knowledge of a 20 clastic crack solution for anyone loading allows the cruck solution to
be determined for the same body under any other loading systems. Following these works
there has been a vast literature on application of weight functions on 2D crack analysis.

The three-dimensional (3D) theory of weight functions, extending Bueckner's 2D
concepts, was developed independently by Rice (1972), based on displacement field vari
ations associated to first order with an arbitrary v'lriation in position of the crack front,
and by lJucckner (1973), based on a 3D analog of fundamental fields that equilibrute null
forces with arbitrary distributions of strength of a normally inadmissible singularity along
the crack front. The 3D weight functions not only give stress intensity factors along a crack
front for arbitrury body force and surface force distributions, but also determine the first
order variation in the displacement field associated with an arbitrary ch,lOge in crack front
position (Rice, 1985a). The lalter property further allows the complete elastic field of a
cracked body to be determined by integration over a crack size variable from an uncracked
state just before the introduction of the crack, to the actual cracked state.

Rice (1985a) further developed a linear perturbation approach that determines the
first-order variation of the elastic field for a crack being slightly perturbed from some simple
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Fig. I. (a) I\n inl<:rnal and (h) e\ternal <:in:ul;lr <:ra<:k in an infinite clastic "ody. (c) The polar

<:oordinates r, (! in the <:rack plane, the arc length lo<:ation II' al,mg the crack l"wnt.

reference shape. The perturbation results can be used to address the configurational stability
of crack front shapes during quasi-static crack growth and also to model the crack growth
in the medium of locally non-uniform fracture toughness. Moreover, Rice (19X5b) showed
that the weight function concept can be used to describe the 3D crack interactions with
sources of internal stresses such as transforma tion strains and dislocations. These powerful
properties of 3D weight functions motivate the search for their explicit solutions for various
crack geometries.

Circular cracks arc among those most heavily studied crack problems in fracture
mechanics, partly because of their mathematical simplicity. Bueckner (1977) determined
the tensile mode weight function field for an internal "penny-shaped" circular crack, and
recently he (Bueckner, 1(87) completed the derivation also for the shear modes by solving
for a class of fundamental fields represented by a Papkovitch--Neuber potential function.
In the following we extend Bueckner's method to solve for the weight functions for an
external circular crack, formed as two elastic half spaces joined over a circular connection
area. The solutions for internal circular cracks are presented for comparison and for
completeness.

TE:"SILE MODE WEI GilT FUNCTION FIELDS

An isotropic, homogeneous elastic body is considered that is cracked inside or outside
a circular area with radius a, corresponding to an internal (Fig. I(a) or an external circular
crack (Fig. I(b)). A Iixed Cartesian coordinate system x,y,= is attached to the circular
crack system so that the crack lines on the plane y = 0 and the origin of the coordinate
system is assumed to coincide with the center of cracks (more precisely, it is the center of
the circular connection for an external circular crack). Also for circular geometry one sets
up associated polar coordinates r, () in the ,\'-= plane, with 0 being zero .dong the positive
x-axis and increases toward the positive =-axis. Weight functions are denoted as
h,,(r, (J.y; ()'; a), which can be interpreted as the mode Cl intensity factor induced at location
(J' along the crack front by a unit point force in the j (j = ,\',.1', = or r, (J,y) direction at
position r, 0,.1'. The dependence of h'J on the crack radius a is explicitly emphasized.

One lllay observe that the elasticity problem of a planar crack lying on the y = 0 plane
in an infinite elastic body, subjected to a pair of unit wedge opening forces on the crack faces
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can be formulated by Papkovitch-Neuber potential representations so that the displacement
field is expressed as (Galin, 1953)

II, = [( 1+ v)/E](F., +y Y.,)

II, = -2[(I-v1)/E]Y+[(I+v)/E]yr:..

11= = [(I+v)/E](f=+YY.J (I)

where F and Yare harmonic functions related by fy = (I - 2v) Y. Again a comma is used
to denote differentiations. e.g. F,y = cF/cy. By symmetry one knows that the displacement
11,. should be an odd function ofy, and so is the harmonic function Y. The stress components
that enter crack surface boundary conditions are calculated from stress-strain relations as

(1...,. = - Y.., +yr.,.,.. (1.,., = y Y....." (1...= = y Y..,=. (2)

It is seen from eqns (2) that there is no shear traction on the y = 0 plane. Thus the problem
of a wedge opening point force pair at position x'. :' (corresponding to r', e' in polar
coordinates) on the crack face is one of finding a function Y satisfying V 1 Y = 0, vanishing
at infinity. and generating stress (1(x.:) = (5(x-x')<5(:-:') (Dirac e5 functions) within the
crack area, and zero opening gap. i.e. l1l1(X,:) = 0 olltside the crack area on y = O. Hence
by eqns (I) and (2)

Y.,.I"~1l = -(5(.\"-.\"')(5(:-:'), inside crack area

YI"-Il' = 0, outside crack area. (3)

Note that an extcrnal circular crack system may havc rigid body displacements at infinity
undcr the action of point fon.:es. In that case the requirement Y = 0 at infinity corresponds
to imposing certain restraints there to suppress the rigid displacements. The reaction forces
and/or moments associated with those displ;lcement restraints contribute to the total stress
intensity factors at the crack tip. For more relaxed displacement boundary conditions such
as the completely free (no restraints) condition, some or all of those remote reaction forces
and/or moments should be taken 011' by superposing equal and oppositely sensed net forces
and/or moments, and their corresponding contributions in the total stress intensity factor
expressions should be subtracted 011', respectively. In this manner one can obtain different
forms of the weight functions, each associated with a dillcrent remote displacement boundary
condition. Further discussion on this will be Icft to a latcr section and for the present it will
be assumed that all displacements vanish at infinity.

The solution for the harmonic function Y that satisfies mixed boundary value con
ditions (3) on a circular region with radius a (i.e. Yly-o, Y..,I"-0 given inside and outside a
circle) can be extracted from Galin (1953). Under the respective boundary conditions for
internal ( Y = Y') and external (Y = YC) circular cracks, they are expressed in cylindrical
coordinates r, 0, y as follows:

where

( {J ' " , " }" sgn y) «(r-r -)(a'-r-y-+R»
Y'(r,O. r;r,O) = - ,- .... arctan .--- . -

. 1nl J2ad

( {J " , , " }" sgn y) «r --(r)(r+y--a-+R»
r(r, O. l'; r ,0) = - -_."._-- arctan

. 1nl J2acl

cl1 = r1-2rr' cos (O_O')+r'1+ y 1

R 1 = (a 1_r1_ y 1)1 +4a1y 1

(4)

(5)

(6)
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and sgn (.1') = y!1 yj. The full elasticity problem for a circular tensile mode crack subjected
to a pair of wedge point forces on the crack faces are tht:n solved in terms of the potential
functions Y' and yeo By superposition one can further calculate the stresses and dis
placements under any distribution of applied forces.

It can be observed that by substituting eqn (4) or eqn (5) into eqns (I) one can compute
the displacements 1/,. 1I. and It: at (I'. e.}') due to a pair of unit opening point forces acting
on the crack faces at (r'. 0'. ot). for the respective internal and external circular crack cases.
By the elastic reciprocal theorem. those very same results for u,. u\. and II, also represent
the opening gaps t1u,. on the crack faces induced at (1".0'.0) by unit point forces at (I'. O• .1')
in the respective X- • .1'- and ;-directions. One knows that in the near vicinity of the front of
an external circular crack the opening gap t1u. is asymptotically related to the mode I stress
intensity factor by

(7)

The same relation holds for an internal circular crack if one replaces r' -II by ((-r in the
above equation. Equation (7) is an illustrative example of general asymptotic relations
between the stress intensity factors and the crack l~lce displacement discontinuities. There
fore. from the knowledge of the opening gap t1u. in the vicinity of the crack front. one may
also calculate the tensile mode stress intensity I~lcton; induced by the unit point forces at
(1',//,.1') in the respective X-, .1'- and ;-direetions. These stress intensity fm:tors dcline the .\-,
.1'- and :-colllponents of the tensile mode vector weight fUlH:tinn 1t , /. That is

, . H J( 2rc ) , ,1t1,(r,(},y;0 ;0) = hill <> I' , 1t,(r,IJ,y;r ,0 .0).
, '" n( -\.-) r -II

(X)

The reciprocal interpretation of the 3D weight functions in eqn (X) generalizes an interpre
tation given by Paris ('( al. (1976) in the 2D case.

The weight functions in eqn (X) arc expressed proportional to the displacement lield
induced by a p~lir of unit point forces on the crack l~lces, as the forl:e 10l:ation approaching
the crack front. Similar relations can be generalized to the shear modes. The above suggests
that the weight functions can be thought of as the displacements of some special elastil:
field. This field <Ktually corresponds to Bueckner's fundamental field. Equation (8) shows
that the vector weight function II" satisfies the elastic Navicr displacement equations.

Now usc the cylindrical coordinates formed by r, Ii, y. Let a, ()' denote an observation
point along the crack front. The limit in eqn (8) leads to the following representations for
the tensile mode weight functions II" (j = 1'.0, .1') :

(9)

where for internal circular cracks, G'" = G' is rcl~lted to the function r'(r, /I, y; r, Ii') by

( 10)

and for external circular cracks G'" = Ge
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where now d 2 = r2-2ar cos (0' _O)+a2+y2. The harmonic functions Gi and Ge are Pap
kovitch-Neuber potentials representing the special fundamental field of tensile mode weight
functions in eqns (9). One can verify that G:. - l/y2, while G~v - I/y as y approaches
infinity so that the function Ge itself may not vanish at infinity. The weight function fields
are related to derivatives of the potentials Gi or Ge, and hence one can leave these potentials
indefinite within an arbitrary constant. It is obvious that both potentials Ge and G' are even
functions of variable y and one can write

f'·
Gi = G~, dy, (12)

In order to derive the explicit forms for Gi and Ge from their derivatives with respect to y,
follow Bueckner (1987) in adopting oblate spheroidal coordinates s. t which are related to
the present cylindric••1coordinates by the following:

r+iy = a cosh (s+it) ( 13)

where i = J - I denotes the imaginary unit. The oblate spheroidal coordinates s. tate
convenient to describe circular cracks. One lets s, t be defined on the region
() < s < (1). - rr.2 < t < n/2 for internal circular cracks and defined on - 00 < S < ,x;.

o < t < n/2 for external circular cracks. With these choices the crack faces ure repre
sented by .I' = 0 (t > 0 on the upper face and t < 0 on the lower face) for internal
circular cmcks. and by t == () (.I' > 0 on the upper 1~lce and s < 0 on the lower I~lce) for
external circular cracks.

The following relations should be kept in mind:

S.r = I., == sinh .I' cos tlaN; .1'., = - I., == cosh .\' sin tlaN ( 14)

where N = sinh~ S +sin2 t. For conciseness of presentation. from now on complex variables
arc used during calculations. understanding that the real parts of the final results arc implied
for various real quantities such as the weight functions. One can further express G~. and
G~,. in terms of variables s. t ..IS

. cosh2 s+q sin t cosh2 s+q I
G' = A --,-- --- = A , --- s .

.y cosh- .I'-q aN cosh- s-q cosh s .J

Ge. = A 'L±_~~~~~ t si"-~_! == A (Sj"-~-.:~ + 2 cos -.,!.-. t ,.)
.J q-cos- t aN aN ([-COS· t '.

(15)

whcre 'I = (r/a) exp i(O-O') and A = 1/[4(I-vJJ(a1t JJl Note that q is independent of
variable y. Equation (15) 1 suggests that G i = Gi(s. 'I). as observed by Bueckner (1987), so
that by directly carrying out the integration and letting G i vanish at infinity one obtains the
explicit form for G' as

{
I sinh s-J(q-I) }

G' = A -J--log. J +rr/2-arctan (sinh s)
(q-I) smh s+ (q-I)

(16)

which agrees with the solution derived by Bueckner (1987). Integration ofeqn (ISh needs
more care. Through some analysis one finds that it is not valid to assume Ge = Ge(t. q).
Since on the y·axis t = rr/2 =canst yet one knows Ge has to depend on the variable y on

SAS 2S: :I-II
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the y-axis. therefore GO should depend on all three variables s. t. q. However. if one separates
GO into the following:

with

( 17)

G;l., = A sinh sia:\/.
2..1 cos t

G~.~. = ..,-_.__._--........,- t I"~
q -cos- t .

( 18)

One now observes that G~, -+ 0 as r -+ O. i.e. as the y-axis is approached. Therefore. G~ is
constant along the y-axis. For simplicity one can set that G~ vanishes along the y-axis. i.e.
G~lt~" C= O. It is then valid to assume G~ = G~(t.q). The s dependence of GO is absorbed
in the axisymmetric part G~'I' One can then carry out the integrations in eqns (18) to write

G;I = A log [cosh s( I + sin I)]

( 19)

i\ constant has heen dropped in the integration of (;;, and the real parts of the right-hand
sides are implied in the ahon: eqns (II». The potential function G e for external circular
cracks is given hy G e = G~·,+G~. Thc complex function J(I-q) is defined on a hranch
such that Re [vi I -q)1 ;:: O. with the branch cut along the line I! = I!' along the crack
surfaces. One can also check that G' and G e have the same asymptotic hehavior as the crack
boundary is approached. i.e. r -+ a. This is because in that limit plane strain conditions
should prevail.

It is intaesting to ohserve that sinh siaN = sgn (.I') Re I:rc+([y[ +ia)C} I:cl so that
one can also write G;, as

where the branch Re [J (r C + (i .1'1 + ia) C)] > 0 has been taken.
It is worth pointing out that Bueckner (19X7) daived the potential G' for internal

circular cracks by assuming (il = GI(S. (/) am! solved the eorresponding Laplaee equation
directly. One can alternatively derive the non-axisymmetric part of the potential
G~ = Ge - G;, in an analogous way. Denoting Ii = I 'If = (a/r) exp i(I!' - 0) and assuming
G~(x.y.:) = G~(r.(il (Ii -+ 0 corresponds to 1/-> x.). it Gin be shown that

(20)

Of particular interest are the solutions in the form of

for positive II. where by eqn (20) lin satisfies

1I~(t)+(2I1-I) tan tli;,(t) = o.

(21 )

(22)

One solves egn (22) and gets 11;,(1) = B cos l cn II t for constant B. It can be shown by egns
(19) that the following relation is valid when constant B is equated to A :
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whcre

.,
G~,t = 2 L G~,t;

n= I

-.:

hence GO = G~+2 L G~
n= I

(23)

[" ~
G~ = -Ai(' Jr COS

1n
-

1 t dt (24)

for It = I. 2, ... , and where the function G~ is defined in eqns (19). [t is also helpful to
observe from eqn (24) that IG~I < Alcoshns "'" o«(-n) as (= ,,/(r~+y~) -+ 00. Therefore,
G~ has the correct asymptotic behavior at the remote field. For an internal circular crack,
analogous results were derived by Bueckner (1987) applying the reciprocity theorem to
elastic fields being "fundamental" (with hi as its displacements) and "regular" (with real
displacements due to a point load) on the region bounded by crack surfaces excluding a
small cylindrical tube along the crack front. In that case

where

Gi = Go+2 L G~
n='

G~ = - Airi< (I/cosh~H I s) US

(25)

(26)

for 11 = 0, 1,2, ' ... Hence, one has found that the two cases of internal anu external circular
cracks arc in parallel analogy to each other except that G~l depends on both variables .\' anu
t as is seen from eqn (19) I'

In the above we have derived PapkovitchNeuber potenti:t1s that represent the tensile
mode weight function fields for internal and external circular cracks, These solutions
reproduce the internal circuklr crack results derived earlier by Bueckner (19S7) and display
some unique feature for the potenti:ll Ge of extern:ll circular cracks. As discussed in
Bueckner's work the tensile mode potential also uniquely determines the shear mode weight
function fields. Hence one can also follow Bueckner's construction to obtain the shear mode
weight functions for extern:t1 circulur cracks. Before doing so, the sheur mode fields for
internal circular cracks willlirst be exumined.

SHEAR MODE WEtGHT FUNCTIONS FOR INTERNAL CIRCULAR CRACKS

In contrust to eqns (9), Bueckner has shown that the shear mode weight functions,
corresponding to displacements of some shear moue fundumental field, Can be described
by shearing potentiu(s g,., IlJ, :tnd l/Jj' as

where i' ranges over 2 and 3 representing in-plane and anti-plune shearing modes, respec
tively. In writing eqns (27) we have expressed all quantities in the cylindrical coordinate
system r, 0, y. One should note that the original derivations in Bueckner (1987) were
expressed in Clrtesian coordinates. It was also pointed out by Bueckner that these shearing
potentials .q;" IlJ" -l/J'I can be considered as the components of a vector potential the
divergence of which vanishes. Following Bueckner (1987), complex potential functions that
arc also analytic in the complex variable r eil/ in the crack domain (e.g. t =0 for external
circular cracks) are referred to as being "crack-analytic". Bueckncr showed that a crack
analytic potential G* can be used to construct displacements for the following two kinds
of shear mode fundamental fields.
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u; = -2(1-\') e"' G.~.+.nf/r. u; = -2(I-r)tjI'+(y,V),

u;, = -2i(l-r) e'~ G~+ytjl:"r

tjI' = e'" (G~+iG.~/r). (28)

II; = -2(1-v)(I-\')L.~+iq/r]+ytjl:;. It;' -2(1-v)tjI"+(nV'L..

II;; = -:~( 1- v)[ - iL.~ + (I - v)L.t/r] + ,nf/;dr

where tjI" = - (I - v)L.~. and where another potential function L'" is defined as

(29)

(30)

It can he shown that the function L '" is harmonic while L~. is crack-analytic. One denotes
the fundamental tleld of the tlrst kind generated by G'" through eqns (28) by u'(G"') and
the fundamental field of the second kind by u"(G"'). The ahovc two kinds of shear mode
fields eljuilihrate zero hody fon::cs and surface forces and give the pure mmk .2 and
mode 3 shear fundamental fields. i.e. the shear mode weight functions. through linear
comhinations. The fum;tion L'" can be analogously expanded as eqns (23) and (25) so that

L* = 1,~+2 L L:.
" • I

(31 )

The axisymmetric potential L~ represents the part independent of the angular variable O.
There exists a general prindplc among the weight functions for cracks of various cmck

geometries. That is, these weight functions must, in the vicinity of the crack front, behave
asymptotically the s~lme as those for a half-plane crack. In other words, the plane strain
conditions should prevail when the crack tip is approached. Ncar the crack boundary r = ([.
asymptotic analysis can be carried out on the behaviors of the weight function Ilelds of the
first and second kinds generated by G:, (II = O. 1, ... ), i.e. u'(G~) and u"(G~), Comparing
u'(G~) and u"(G~) with the plane strain elastic Ilelds. one can easily extract the pure mode
II and mode III fields h~(G~) and h,(G:,) by linearly combining them in a proper way,
Because all these fields are constructed by linear operators to the potential G:, and the total
weight function fields arc summed up according to eqn (25) as

I.

hi = h;.(G\,)+2 I h;.(G~).
" - t

(32)

In this manner Bueckner (1987) showed that the mode 2 and mode 3 weight function fields
arc constructed as

(2-v)h~ = u"(Gri)!(I-I')+u"(G')-e ,II u'(Gj+G~)

(2-1')h, = -i(l-v)u"(G'n)-iu"(G')-i(l-v) e ,0' u'(Gi+Gri). (33)

Therefore, the shearing potentials for internal circular cracks can be expressed as follows.
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(2-v)g, = _eil8
-

fl
') (G'+Gi ) +Li +(I-v)Li +W /r... . 0 .y 0.1' .r.O

(2-v)h; = -i e,(II-II') (Gi+Go),y+iLo.r-iL~r+(t-v)L~8Ir

(2-v)l/Jz = _eitll
-

Wl
(G~,+GO,r+iG~lIlr)-Lo ..,-(l-v)L~, ..

115

(34)

(2-\')gJ = -i(l-\') eit8
-

1I
'1 (Gi+G~).v+i(l-v)(L~-Llr+L~II/r

(2-\')hJ = (I-v) eM -
W

) (Gi+G:),y-(l-\·)Lo.r-L~r-i(l-v)L~t,lr

(2-v)l/JJ = -i(I-\')[e,(II-tn (G~r+Go.r+iG~tdr)+(Lill-Lly] (35)

where D is related to G' by eqn (30) and L~ is the axisymmetric part of potential Li
• One

can show that both Go and L:l,y are constant on the crack faces and hence arc crack
analytic. It is also important to note that Lo generates the axisymmetric shear mode weight
function fields through the fundamental field of the second kind listed in eqns (29).

For convenience we also present here the following quantities that appear in the above
eqns (34) and (35) :

{
I sinh o5-J(q- I) .}

G' = A ---- log ---.------- +11:/2-arctan (smh 05)
'./('1- 1) ~ sinh o5+J(q-l)

G:l = A[an:tan (sinh s) -11:/2)

V = A sin t(1 +q)+(Yla>i(L<:;:)=,"_(1~)

1-'1

L:, = A sin t+ (y/a)G:,. (36)

The ahove results enable one to cakulate the shear mode weight functions for internal
circular cracks. It is clear from the ahove results that the sheur mode weight functitlns ure
determined solely by the tensile mode potential G'. This method by Bueckner ofconstructing
shear mode solutions from the tensile potential is very important for other crack geometries
too, as will be shown in the next section for extcrn'll circular cracks.

SIlEAR MODE WEIGIIT FUNCTIONS FOR EXTERNAL CIRCULAR CRACKS

Bucckner's (1987) method of deriving sheur mode weight functions from the tensih.:
mode potential for internal circular cracks is extended to the case ofexternul circular cracks.
Similarly a potential L" can be related to GC by eqn (30). One can note thut the axisymmetric
potentials G~h L~l,v ure both harmonic but not cruck-analytic. Hence Bueckner's fun
damental fields of the first and second kinds in eqns (28) and (29) cannot be applied to
G~) and L~. The detailed process of deriving the shearing potentiuls for external circular
cracks is similar to Bueckner's derivations for internal circular cracks except that the
axisymmetric shear mode weight function field for an external circular crack is generated
by the potential G~ = - A(\ - sin t) exp (0' - O)/r, as defined in eqn (21) for II = I, through
the fundamental field of the first kind in eqns (28), in contrast to that generated by Go
through the field of the second kind for internal cracks. A potential L~ is defined in terms
of G~ as

(37)

Analogous asymptotic analysis on u'(G;) and u"(G;) (n = 1,2, ... ) allows one to extract
the pure mode II and mode III weight function fields from proper linear combinations of
them. The potentialsG; and G~ behave asymptotically similar to each other near the crack
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front (as they should) and one can take full advantage of the intermediate results presented
by Bueckner (1987). Observing that similarity one can state the final results without any
further derivation:

where one has adopted the notations Gil = G; vG~ and Gill = (I - I')G~ + \'G~. The shear
ing potentials are then expressed as follows.

Mode 1\

Mode fII

(2 - \')9~ = _e'l/I-,I; GI~. +(I - v)L~.r + iL~.o/r

(2-1,)1t~ = -i e,l/I-Ill GI;-iL;.r+(I-I')L;.oir

(2-v),/t~ = -e'lll-tll[GI!+iG~/\/rl-(I-v)L;.",

(2 - V).<I 1 - i ell II I!) G'~' - i( I - 1')L;., + L;,II!r

(2-1')11, e'l/l III G':'-I.;.,-i(l-r)L;.,,!r

(39)

(-to)

Therefore. only the fum:tion (i;. i.e. the non-axisymmetric part of the potential (ie. is needed
to construct the shearing potentials 9,.. II,. and t/t .. Listed here arc the quantities that appeared
in eqns (39) and (-to) fur the convcnience uf readers.

(,';= . A log(S~nf-J(l_-q)){I+J(I-q)).

J(I-q) (Sin f+,i(l-q» (I-J(I-q»

G~ = A«(/!r)(sin (- I) exp i(O' -0)

e 2..1 sinh .I'(I-sin o+ (y/(/)G;
L, =-_.._--- .

I-£l
HI)

It should be emphasizcd that eqns (39) -(41) permit one to calculate the shear mode weight
functions for external circular cracks when remote displaeements are fully constrained.
These results arc checked against some special known results in Appendix A.

As discussed previously. in order to compute the weight functions under relaxed remote
displacement boundary conditions one needs to superpose equal and oppositely sensed net
rcaction forccs and/or moments at inlinity to take off the corresponding displacement
restraints.

NEUBER FIELDS

Neuber (1937) solvcd the elasticity problem of hyperbolic circumferential notches
subjected to forccs and/or moments at inlinity. He derived the full lield solutions for the
displacements and stresses. An external circular crack can be treated as a degenerated
hyperbolic notch. Therefore. the notch solutions given by Neuber can be directly used for
external circular cracks. Neuber fields are presented below for later application.
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(d)

C-:>M
(e)

Ft '-..1M
(a) (b)

<:....-:>M

1-- -- II

Fig. 2. The loadings or an ellternal circular er;u:k in Neuber fields: (;II tellsion; (0) bending:
(e) torsion; (tI) shear.

Remo(e (elision
This case corresponds to an external circular crack subjected to a pair of remote

centered fon:es of magnitude F (Fig. 2(a». The assodated remote displacement c[ = IIv( co)J
IS

(42)

The complete displacement field is expressed as

II, = - (I - 2\')(;~ - J'G~.. Ity = - (1- 2\')(;~/r-yG;:',/r,

ltv = 2( I - \.)(;~ - y(;~,. (43)

where the Neuber potential G N can be presented in spheroidal coordinates .1', ( as

G N = tiC (J: arctan (sinh s)+sin (-log [cosh .1'(1 +sin ()l). (44)
n(l -1') (J

Equations (43) and (44) enable one to determine the displacements throughout the entire
cracked body under the action of remote centered forces.

Remote hefldiflg
Without loss of generality, consider the crack system subjected to a couple of remote

bending moment M about the :-axis (Fig. 2(b). In this case the induced remote rotation
:} [= (:11,.( co )/ox} is

(45)

The full displacement field is similarly expressed by eqns (43) in terms of the following
potential GN

:
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" aC
J COS 0 {r [y . . ] a . 1 a. }G' =-~--I--- -~arctan(sInhs)+SInt -~ (I-Sin t)--(smt-I).

rr( - v) a a _~r r
(46)

Torsional field

The: displaceme:nts due: to a coupk of remote torque of magnitude JI (Fig. 2(c»
constitute a pure torsional fidd. The: remote: rotation :J [= 1I,,( x )/r] is

The displacements for the above torsional field are all zero except

2Jr ,
/I" = ---- (arctan (sinh .1') +sinh s/cosh- .1').

rr
(48)

Rcmotc shcar ji/rces
Consider, without loss of generality, a pair of shear forces of magnitude P in the ± x

directions acting at y = ±:o (Fig. 2(d». The body is restrained against rotation in the x
y plane. In this case the remote displacement c [= 11,( :o)J is

( I + v)( 2- \,) P
c=

4(/1;'

The displacemcnt field is described by three potentials .'1".//", IV' so that

(49)

The potentials arc written as

c [ \' (r J.'1'1= -arctan (sinhs)+ ,sinhs(l-sint)c cosO
rr(l-v) 2-1''-

" c [ . \' {/2 JIr = arctan (smh s) + , sinh .1'( I - sin t) C sin ()
rr( I - I') _ 2 - \' ,-

"'c {/
,~'l =_ -~ (I-sin t) cos V.

rr(2-v) r
(51 )

By the formulae under the remote loading in the above four cases, one can further construct
the displacements at an arbitrary spatial position due to arbitrary remote forces and
moments.

EFFECT OF RE\IOTE BOUNDARY CONDITIONS

The weight functions. as displacements of Bueckner's fundamental clastic field. should
satisfy the correct displacement boundary condition for the given crack geometry. The
weight functions for external circular cracks presented in previous sections arc correct only
if the pre-assumed zero displacement conditions at infinity are indeed valid. In most of the
cases it may not be so because point forces can generate rigid body displacements throughout
the entire body. This dependence of the clastic field on the remote displacement boundary
conditions was observed by Bueckner (1973). Later Stallybrass (1981) calculated the remote
reaction force and moments associated with a wedge opening point force pair on the crack
faces and gave the stress intensity factor induced by that force pair under a completely
free boundary condition at infinity. Here the clTect of the remote boundary conditions is
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investigated on general weight functions for external circular cracks based on the previously
given Neuber solutions.

An external circular crack system is first considered with no restraints at infinity against
displacements. Alternatively denote the respt."Ctive vertical. radial and tangential directions
y. r. 0' associated with an angular position tr along the crack front by 2 = I. 2. 3, respec
tively. One may observe that the reciprocal relation in eqn (8) can be extended to shear
mode weight function fields so that

f ' . A./l J( 21t ) f ' ,h./(r.O. y ;O.a)=ltm-g -,- 1l/l/(r,O.y;r.O)
'-<l r -(I

(52)

(superscript f emphasizes the completely free conditions) where the matrix A./l is diagonal
with

(53)

The matrix A,II is proportional to a prelogarithmic energy factor matrix in the expression
for the self energy ofa straight dislocation line. The notation u;I/(r.O.y;r'.IJ') denotes the
jth component of the displacement field at r. O. y due to a pair of point forces at the crack
face location r.O'. pointing in the ±/f-dircctions. A wedge opening. radial and tangential
point force pair on the crack tllces corrcspond to J1 = I. 2. 3. respectively. The total dis
placement lield 1I~,(r.(}.y;r.O') can be divided into two parts

(54)

wherc thc 11'1 arc the displaccmcnts undcr thc fully constraincd condition at infinity and Ii"
arc thc additional displacemcnts when the remote restraints arc taken olr. In fact Ii,;
correspond to the Neuber lields gcnerated by the remote rcaction forces and momcnts.

Fnr convcnience one can adopt here several notations to denote the Neuber tields
associated with remote forces and moments. Let ~~(r) and 'l~(r) denote thejth component
of the displacement field at r associated respectively with a pair of forces and moments of
unit magnitude in the k-direction at ± 00. We understand the direction k to be fixed in
space. Subscripts :x = 1,2,3, arc llsed to denote the components of the displacement vector
in the yo, r. lJ'-directions (i.e. thc vertical. radial'lnd tangential directions at r', 0'. y). Hence
one lets L\~:(r, In and L\//:(r', 0') denote the component in the 2-direction of crack t~lce

displaccment discontinuities at location r'.O', Functions ~" I/~. L\~~(r,0') and L\1/~(r,0')
arc re'ldily extnlctcd from thc Neuber solutions given in the last section.

Therefore onc can write li' l as

(55)

where 1",,(r, 0'). M,,, (r', if) arc the components in the k-direction of rcmote reaction force
and momcnt vectors due to a pair of point forces in the ± :x-directions at crack face location
r,lr. Applying the reciprocity theorem to the elastic field with unit point force pairs with
no displaccmcnts at infinity and Neuber fields with remote displacements c and:; one finds

Hence the reaction forces and moments at infinity are related to the crack face displacement
discontinuities of the Neuber fields,

It is now straightfof\\lard to write the remote reaction force p.1c and moment /'-t.1c

associated with a wedge opening (2 = I), radial (Q: = 2) and tangential (2 = 3) unit point
force pair at the crack face location r. 0'. The non-zero components of p.. and M .. arc
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"[- IPy (') :::: -.~ COS

'[, - .. IP",·(r) :::: _.. COS
. it

2, [ (a) af ae)1 eJ
M Ii/(r') :::: ;\/l,(r') ::;:: - it cos i r~ + r' ( I - ;~:. . (57)

The results due to wedge point forces (:t ::;:: I). PI rand M I" match those given by Stallybrass
(1981). Stallybrass obtained his results for remote rea-:tion force and moment associated
with a wedge opening point force pair acting on the crack faces by integrating the stress
fields within the connection area to calculate the net force and moment on each horilontal
pkme y ::;:: const. Here one has shown that Neuber fields greatly simplified the calculations.
Equations (57) also suggest thnt it is most convenient to resolve the remote re,lction forces
and moments in the r'-. 0'-. y-dirl'Ctions. i.e. k:::: r'.O'.y. The Neuber fields .;? and 1/;

generated by these forces will depend on the orientation angle (J' so that one m,ly now write
them as ~~(r.O,y; ()' ;a) and 11~(r,O,y: I)' ;a). Substituting eqns (54), (55) and (57) into eqn
(52), one can show that the weight functions under the completely free condition arc given
by

h~i(r. 0• .1'; (J'; a) :::: h'I{1'. O.y; ()' ; a)

+ (A,tJ"/( na) )[·7'tlk~?(1', o. .1'; II' :a) +oJl llk 11~ (1', (I• .1'; 0' ; lI)l (5X)

where .1',. and ./t ,k arc constant matrices the nOll-zero components or which arc

Hence we have completed the derivation of the weight functions under the completely free
condition. In eqn (58) the terms containing ;1',. and ./I'k n..:prcsent the contributions from

P'k and M'k'
It has been shown that the difference between the weight function tldds ulH.kr the

completely restrained condition and those under the completely free condition is linearly
proportional to Neuber Helds. In fact. it waS observed by Bueek ncr (private communil:ation)
and also suggested by eqns (44) ,lnd (46) that the potential

where

G~ = A [(.rja) arctan (sinh s) +sin r]

G f
l = (3t1j2){ (1'ja)[(yja) arctan (sinh s) +Sill rJ - (aj3r) sin r cos:: t)} c

G~ = G~ for 11 > I

(60)

(61)

directly determines the tensile mode weight function field through eqns (9) under the
completely free condition, i.e. when the solid is free to move at infinity.

A solid with an external circular crack has six degrees of freedom for all possible rigid
body displacements at infinity. i.e. three translations in the X-• .1'-. =·dircctions and three
rotations about the X-, V-, =-axes. In the above one has shown that when the remote rigid
body displacements are'completely suppressed, a pair of point forces at crack face location
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r', (J' would be balanced by a reaction force vector p. and a moment vector M. at infinity.
Each of the six components p. j , M.! (j = :c.y, =) is associated with a degree of freedom.
Therefore, if some degrees of freedom are lifted to relax the displacement restraints, the
associated components of vector reaction force and/or moment should be taken off by
superposing equal and oppositely sensed forces and/or moments, respectively. For general
mixed mode loading one could have as many as 26 = 64 kinds of different displacement
restraints at infinity, ranging from the completely restrained condition to the completely
free condition. 1'ievertheless the derivation of the weight functions for all these different
boundary conditions are essentially similar to that presented in this section for the com
pletely free condition except that in those cases only contributions from relevant components
of reaction force and moment should be subtracted from h. j , the weight functions for the
fully restrained condition.

AXISYM:\tETRIC WEIGHT FUNCTIONS FOR EXTERNAL CIRCULAR CRACKS

In practice one. often encounters the simpler case that the applied forces on a cracked
body are axisymmetrically distributed. It is desirable to have explicit expressions for the
axisymmetric weight functions, dellned as

I f:~
Ii,! = ~ h,j dO

..1t {J

(62)

fori = r. (J.y. These axisymmetric weight functions arc associated with the intensity factors
due to axisymmetric ring loads at arbitrary location r,y.

Using the nOlation

p = (1/21t) r- F dO
Jo

il follows by eqns (23) that C; vanishes. From the dellnition in eqn (37) one observes that
i~ '1lso vanishes. Using C'lUchy's integration theorem one Can verify the following results
for the axisymmetric potentials Co, 9;.. iiI' f, as:

C" = G~J' 9: = -A(alr)(sin f).", f2 = A sin flaN, Ii) = A(alr)(sin f),y (63)

(other potentials arc zero). These potenti.lls det..:rmine Ih..: axisymmetric weight functions
through

(other weight function components are zero). An interesting observation is that f2 =0
when f = O. and hence Ii: •. =0 on the crack faces. That is, the axisymmetric normal loads
on the crack faces do not induce a mode 2 singular stress lleld at the crack tip. This
observation generalizes an earlier 20 result by Erdogan (1962).

Under the completely free condition at infinity, additional contributions to the weight
functions from the remote restraints need to be superposed. Integrating eqns (58) over the
variable () gives the solutions immediately. For example, for crack face loading one has



122 H. GAO

fif - I ,_ I (a)
h' = h 1v + " ' ' cos ~. . _(rra)' - r

-f - 3 [ _I(a) a~ I( a~)Jh JII = hJ~ + 4--() , ,cos - + -, I I - --, .
a rra . - r r 'IJ r-

(66)

Hence we have provided the axisymmetric weight functions for external circular cracks.
Some of these results. e.g. the solutions corresponding to rings of shear loads are believed
to be new. It is clear that the remote displacement boundary conditions play an important
role in these weight function fields.

CRACK FACE WEIGHT FUNCTIONS FOR EXTER:"AL CIRCULAR CRACKS UNDER
RESTRAINED DISPLACEMENT BOUNDARY CONDITIONS

In practice. crack face weight functions are often needed in closed form. They play an
important role in pursuing the perturbation analysis of calculating the first-order variations
of clastic field of a cracked solid when the shape of the crack is perturbed from some
rcl"t:rence geometry (Rice. 1985a; Gao and Rice. 1986. 1987a. b; Gao. 1988).

Under the restrained displacement boundary condition at infinity when all rigid body
displacements at inlinity arc fully suppressed. the rull-ljeld weight function solutions for
external circular cracks arc presented in eqns (9) and (19) for the tensile mode and in eqns
(27) and (39) (41) for shcar modes. One can carry Ollt the algebra in those expressions on
the crack faces where one or the spheroidal coordinates t vanishes. When this is done onc
linds

k {d a }kc,(r.{);{J';a)=- 2 eos).+ [1'-2-2\'cos2;1
2-1' r r

2k {d a }k,,(r.O;O';a) = sin i.-v sin 2i.
2- v r r

"k { d a }k~l/(r.{);{J';a) = - - (I-I') sin ;+1' sin 2),
2-1' r r

k { d a }k lO (r.O;{)';a) = - -2(1-1') cos ;.+ [2-1'-21' cos 2;.]
2-1' r r

k".(r.V;O';a) = k, •. = kill = k" = 0 (67)

where d is the distance between r.O and a.O'. and ;. is depicted in rig. 3. Thc following
supplcmcntary geometrical relations arc listed here:

cos i. = [a-r cos ({)' -O)]/d; Sill I. = -r sin (0' -V)/d

cos 2;. = 1-2r" sin~ (0' -O)!d~; sin 2;. = -2[a-r cos (0' -O)]r sin (0' -O)ld~.(68)

The mode I crack f,lce weight functions k'j exist in the literature (Kassir and Sih. 1975)
(note that the displacement boundary condition at infinity was not specified in their work).

As vcrilication eqns (67) can be checked against special solutions in two limiting
situations: I' -+ 0 and a -+Xi. In the first case. basic analytical solutions arc known and the
second case corresponds to a half-plane crack. It is shown in Appendix B that these solutions
do approach the correct limits in the above special cases. Besides these limiting cases. eqns
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6 (r,6)

Fig. 3. Geometrical parameters d.;. of an external circular crack.
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(67) have been used (work in progress). via Rice's (1985a) perturbation technique. to derive
the first-order results for external cracks with fronts deviating slightly from circles. Those
results also match the first-order expansion of some of the existing <lOalytic solutions in the
literature (e.g. elliptic cracks under shear) for arbitrary v<llues of \' and a.

CRACK FACE WEIGHT FUNCTIONS UNDER OTIIER REMOTE BOUNDARY CONOITIONS

There arc dil1crent forms of weight functions for external circular cracks associated
with various displacement boundary conditions ut inlinity. One can likewise categorize the
aack I~lce weight fUllctions according to the remote boundary conditions.

For the completely free condition, i.e. no displacement restraints at infinity, it follows
from eqn (5~) that

k~,(r, (J; ()' ; (I) == k'l(r.lJ; ()' ; a) + ..}_A'II_ [#f1kAe~(r, 0; (}'; a) +lIJI/1kA,,? (r, 0; 0'; a)] (69)
(n:a)

where matrices .J.I"k and JI.k have been listed in eqns (59). The functions Ae~(r,O;()';a)

and A1l?(r. (); 0'; a) denote the crack face displacement discontinuities in Neuber flelds.
If the remote boundary condition is such that the remote rigid body displ<lcements arc

only partially suppressed, then eqn (69) needs to be modified according to the superposition
ruk discussed above. Distinguish the following contributions to the weight functions from
remote reaction forces and moments:

krl' == P 1..l(2aJ(n:a)), k~~. == 3MlIJ cos (0' -0)/(2a 2..}(n:a»,

k:~~, = 3M.1v (r)!(4a 2J(n:a», k~, = P!,(r) cos (O-O')1(2a..}(lUl»,

e;, =P2,(r) sin (0- 0')/(2a..}(n:a», k~o == PJo(r) sin (0 - 0')/(2aJ(n:a»,

k~tl = P.w(r) cos (0-O')/(2a..}(n:a» (70)

where p.k) and i'¥t" have been given in eqns (57).
The following six kinds of typical conditions are considered.

Case (i)

Completely restrained condition, i.e. all displacements vanish at infinity. In this case
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one simply has

where k
'l

are expressed in egns (67).
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(71l

Case (ii)
Remote displacements all suppressed except for translation in the y-direction. In this

case the crack face weight functions are

(72)

(all other k~I:1 = k ll ). Equation (72) coincides with the solution given by Tada et (I/. (1973),
although they did not specify the condition under which their solution would be valid.

Case (iii)
Remote displacements all suppressed except for rotations about the x- and .:-axes. In

this case

(73)

Cas(, (iv)
Remote displacements all suppressed except for translation in the x-direction. In this

case the tensile mode crack face weight functions remain unchanged whereas the shear
mode results arc

(74)

where " = 2,3 for shear modes.

Case (v)
Remote displacements all suppressed except I()f rotation about the y-axes. In this case

all other k" remain unchanged except

(75)

Case (vi)
Completely free condition, i.e. no displacement restraints so that all displacements arc

allowed. In this case

(76)

for all modes ::t = 1,2,3, v.·hen: contributions from all re:'lction forces and moments arc
taken olf. The mode I result rederives that given by Stallybrass (1981).

"/ckf/Ol\1..dIIC/II,·nt,,·· - The work reported was supported hy the O~R Mechanics Division. contract NOOOI4-S5·
K-0405 with lIarvard University and by the U.S. Geological Suney under grant 14-0S-0001-GI167. The author
is extremely grateful to the helpful discussions with Prof. lames R. Rice and Or I (ans r. Illleckner.
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APPI'NDIX A: WI'I<iIlT FUNCT/ON SOLUTIONS IN A SPECIAL CASE

Tht: weight function solutions for an external circular crack pfl:senled here arc novel. It is hence desired to
show ils consislt:ncy with SOll1e t:xisting special cast: solulions. For exampl<:. the stress intensity factors induced
along Iht: front of an ex lerna I cin:ular crack by concentrated forct:s on the .~·-;l.lis were given by Kassir and Sih
(1'1751. These results give the special weight function solulions for external circular cracks on the y-allis (t = 7[/2).
Through some algehraie manipulation one ohtains from e4ns (27) and (39) ·(41) of the lexl the weight functions
on the y·a.xis as

(l-v}(J-MAI' sin (11'-0)
11 I = - '---"--'- --'-..._--

• (2-1')(a: +y:)
(AI)

(h h = 0)_ The solutions of e'lns (A I) m.llch the fl.'SUlts presented by Kassir and Sih (1975). Kassir and Sih failed
to sp.:cify Ihe prop.:r boundary condition needed for the above results to he valid. That is. e'lns (AI) arc correct
only when remote displacemt:nls ;lfe fully constrained. i.e. no displacements at infinity.

t\gain one can easily find the solutions under the completely free condition by c'lns (58) of Ihe tell!. For
example. it is Irivi;\1 10 show from e'lns (58) Ihat

I [ al' { a
l

}]h'... = ;--,-; aret;m ( ..itl) + -.-'-, I - ••.
.;.(lm) • . (1"+r (I-v)(a'+r)

(A2)

This is consistent with a solution for the mode I stress intcnsity factor due to a pair of tensile forces acting on the
y-axis given in Tada et al. (197.1). although they did not specify the prop.:r remote boundary condition for the
ahove solution to be valid.
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By definitIOn the above weight function results can be used to construct solutions for the inh:nsity factors
induced by an arbitrary distribution of forces along Ihe y-a,is under remole displacement reslraint conditions. "
point force in Ihe tangential f)-direction on the y-a,is IS irrelevant here since It IS equivalent to a radial force in
the 0 + It:! polar direction.

APPENDIX B: CHECKS OF THE CRACK FACE WEIGHT FUNCTION FOR:-'1ULAE

The crack face weight functions presenled in eqn (67) can be checked against the following special hmiting
cases:

Case I. I' = 0
In Ihe a!:>sence of body forces Ihree harmonic funclions F,. F,. H (Sih and Lie!:>owitz. 1'l61') can f>C used to

generate the special field of shear mode cracks, While Ihe following is satistied :

the displacement field is represenled as

II, = 2[(1- I") ElF, + [0 + "IE]yH,

II, [(l+1')i£j[(1-21·)If+yl1.• 1
II. 2{(1 1"~jE1F, +10 +\,)'£1.1'11 ..

Thc slress fidd is deriwd hy stn:ss strain relalions as

IT". I'll,,; IT,. (1 'I'}F..• t-I'U, t-,I'U,

IT,.. (I - I-IF,., + .'U, + rU".

(Il:!)

(Ill)

Now willlllut l,,,s of ~encralily, eonsidcr Ihal the erack 1;lel'S are loaded with a rair of unit eOlKenlraled forl'es
in the 1. \-direetion aeling al Ihe loe:llion x', :'. The dastieily pmolel1ls of a shear l1lode erack Ihis loaded :Ire
eOlllpletdy go,,'rned oy the h:nnhllJie funetions "'" F and II, henee ean oe forlllulaled as s'Tking these unknown
potentials that vanish at illiinily havin~ the ooundary eondilion that on Ihe plane .1' 0

;lIld

{ll-ll

..·(l--I')/'~,+\'II,I,_" '" 0,

[-( I ..·"jF". +1'/1,1..11 iiI' ...."j.,(: -='),
within crack area.

(Il:> )

Although th.: solulions 1o th.: harl1lonie functi,)n r" F,. 11 umkr Ihe aoow h,ltll\d;lry conditi,)n is dillicult to
lind, Ih.: special case of ,. 0 lurns out to h.: inl.:r.:sting. In that case it is easy to sllUw Ihal F. ~ 0 and F, salislies
V'F, 0 with

F" = -,ilx .. '),1(:--:'), wilhin er;l.:k area

F, = 0, outsiJ.: .:rack area.

Comparing the ahove wilh the eqns 0) of Ihe I<:xl. one can note immedialdy Ihat F, should have the same
malh':ll1atical soluliuns as the lensile mude pOlential funclion r. It also follows from e<lns UBI and ':<lns (2) of
the le~llhal on Ih.: crack plane r ~ 0, (1,. has c,~actly the sallle solution as thc lensile mod.: strcss diSlrihul1;lIllT".
Therefore, on.: can reach Ihe condusion Ihal in Ih.: case of v = (} Ihe shear nHlde crads have th.: same dislrioulion
of the stress field as Ihal of t<:nSlk cracks, and Ihe traction on Ihe planc y ~ 0 is in the same direcli"n as thaI of
the concentraled foree pair. Thad'or.:, il is dcment:lry 10 show from Ihe ddinilioll of the slress int.:nsity factor
Ihat when \' " 0

k:, =k cos (II' -II); k,,. = -k sin (I/' -II)

k I, = k sin (II' -lIj; k", = k cos (I/' -II). (117)

Now letting \' = 0 in eqns (67) or the le,1, and using the g.:omelrie:1! rdations of ellns (6Sl, ,.ne can s.:e that
Ihose solulions maleh eqns (B7).

CO.l'I' 2 : 0 _I'. • i.I'. (/ Iwlrl'!""I' crack
One may observe Ihat in Ihe limil a - 'I" thc circular crack hecom.:s a half-plan.: crack, Thercl,'re eqns (67),

in the same limil, should approach Ihe corresponding solutions for crack fa.:.: weight functions for a half-planc
crack. Assuming in that limil thc crack front lies along the =-:nis and x > 0 denotes the crack face (Fig. BI). Ihe
polar coordinates r,lIm the crack plane arc replaced hy Carlesian coordinates Y,: in the following manner:



Weight functions for external circular cracks

y

Fig. BI. A half-plane crack lying on the y = 0 plane with its tip along the =-axis.

r-a--+x; aO--+-=.

Using the following asymptotic relations when a --+ 7J

dsin;' = -='+=; dcos;' = -x

d' sin 2;' = 2.~(=' - =); tI' cos z;, = .~, - (=' - =)'

1~7

(B8)

(B9)

where now d' = x' +(=' -=)' is the square of the distance between a point x, = on the crack face and a point O. ='
along the crack front. It can be shown that eqns (67) are reduced to

(2x(rc ') Ii>

k" = k = f.~'+(=' -:)11' k" = k" = k" = k" = 0

k. = k, = [I + }!- x_~---~=~-:::.:rJk
-'.. 2-v:c'+(='-=)'

k w = k I, = [I -2~ v :~::~·r=~~:}
4" x(=' - =)

-k .• =k .. = ·;.k
. •. 2-v.c+(='-=)-

-k = k = 4v ~x_(~'~-~__ k
I, .. 2-vx'+(='-=)"

(010)

Equations (0 (0) match the correct point force intensity factor formulae for a half-plane crack (Taua l'/ ul., 1973).

SAS 2S:2-C


